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Abstract

This introductory article, intended for non-experts, explains how the analogy to the integral quantum Hall e$ect provided
the key to understanding the fractional quantum Hall e$ect, at the same time leading to a new class of topological fermions
called composite fermions. It is shown how the enormous ambiguity of the original electron problem is eliminated as a result
of the formation of composite fermions, and a unique solution is obtained that is extremely accurate and consistent with
dramatic experimental observations.
? 2003 Elsevier B.V. All rights reserved.
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Professor von Klitzing’s seminal discovery [1] of
the integral quantum Hall e$ect (IQHE) set in mo-
tion a chain of events that has resulted in the uncov-
ering of some of the most elegant emergent structures
found in a many-particle system. This article will em-
phasize how the IQHE played another crucial role in
the development of the ;eld, by providing the ana-
logy that helped uncover the highly non-perturbative
physics of the fractional quantum Hall e$ect (FQHE)
[2]. I will take this opportunity to write a pedagogi-
cal article, intended for non-specialists, to explain in a
simple fashion what this analogy is and how it works.
Only the most basic physics is given here; for further
information, the reader may ;nd Refs. [3,4] to be use-
ful starting points.
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1. Landau levels

The system of interest contains electrons con;ned
in two dimensions and exposed to a strong magnetic
;eld, the physics of which is governed by the Hamil-
tonian

H =
∑
j

1
2me

[
˝
i
∇j +

e
c
A(rj)

]2

+
∑
j¡k

e2

|rj − rk | : (1)

As we will see, this very simple looking problem con-
tains much physics.
ForH=(p+eA=c)2=2me, a single electron in a mag-

netic ;eld, the solution is straightforward. The kinetic
energy is quantized at E = (n + 1=2)˝eB=mec, where
the discrete energy levels labeled by n = 0; 1; : : : are
called Landau levels. The degeneracy of each Landau
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level is given by

M =
BA
�0
; (2)

where B is the external ;eld, A is the area of the sam-
ple, and �0 = hc=e is called the “Hux quantum.”

2. IQHE

In 1980 von Klitzing discovered, completely unex-
pectedly, that the Hall resistance of a two-dimensional
system has plateaus where its value is quantized at

RH =
h
ne2
; (3)

where n is an integer. This phenomenon is known
as the integral quantum Hall e$ect. The value of the
quantized Hall resistance is independent of the sample
type, geometry, sample-speci;c parameters (for exam-
ple, the dielectric constant or the electron band mass),
or disorder. The relative accuracy of the quantization
of RH has been established [5] to a few parts in 1010,
which is equivalent to knowing the earth’s radius with
an accuracy of a couple of millimeters. It is believed
that the quantization is exact, and the ratio RK = h=e2,
called the von Klitzing constant, has been adopted as
the fundamental unit of resistance. The Hall experi-
ment on a dirty solid-state system provides one of the
most accurate values for the ;ne structure constant
�= e2=˝c.
The origin of the IQHE was soon clari;ed [6], be-

cause, as it happens, the e$ect also occurs in a theo-
retical model of non-interacting electrons. To see the
physics, let us imagine a hotel, “The Landau Tower,”
with an in;nite number of Hoors, and with M rooms
on each Hoor. The di$erent Hoors represent Landau
levels, and the number of rooms on each Hoor, M , is
the degeneracy of a Landau level. (There is precisely
one room per quantum of Hux penetrating the sample.)
It should be kept in mind that the number of rooms on
each Hoor is not ;xed but increases with increasing
magnetic ;eld.
The occupants of the rooms are, of course, the elec-

trons. As decreed by Pauli, multiple occupancies are
strictly forbidden in this hotel. (We will assume that
all the electrons have the same spin orientation, so we
do not have to worry about the spin degree of free-
dom.) Electrons want to check into the lowest avail-
able Hoors, to save themselves the work required to

climb up, so the Hoors get ;lled from the ground up.
The number of ;lled Hoors,

�=
N
M

=
N�0

AB
; (4)

where N is the number of electrons, is called the ;lling
factor.
In general, when the highest occupied Hoor is only

partially full, there is a lot of freedom about which
rooms electrons occupy. But when the number of elec-
trons is N = nM , or the ;lling factor is an integer
(�=n), a unique arrangement is obtained in which the
lowest n Hoors are fully occupied.
What we have described can be viewed as a giant

atom containing N (∼ 109) electrons, with quantized
kinetic energy shells (Landau level Hoors) of degen-
eracy M . The atoms with an integral number of ;lled
shells are especially simple, akin to the noble gas
atoms: the ground state wave function is completely
known (a Slater determinant), and there is a gap to
excitations. This uniqueness of the ground state at in-
tegral ;llings lies at the heart of the IQHE.
As explained by Laughlin [6], disorder-induced An-

derson localization also plays a crucial role in the es-
tablishment of the Hall plateaus. To see this, imagine
changing the ;lling away from an integer by adding
some electrons or holes. In a perfect system, the ad-
ditional particles would also be free to carry current,
but in the actual, disordered sample, they are immo-
bilized by impurities (which create localized states in
the energy gap), and do not contribute to transport.
The transport properties therefore remain una$ected
as the ;lling factor is varied slightly away from an in-
teger, and the system continues to behave as though it
had ;lled shells. This, crudely, is how the presence of
a gap at ;lling �= n in a pure system becomes mani-
fest, in the presence of disorder, through a quantized
Hall plateau at RH = h=ne2.

3. FQHE

The next revolution occurred when Tsui, Stormer,
and Gossard [2] discovered the fractional quantum
Hall e$ect. The 1982 observation of a plateau at RH=
h=(1=3)e2 gave us the ;rst glimpse into what would
eventually be recognized as one of the most amaz-
ing collective states of matter in nature. In the sub-
sequent years, as experiments improved, there was
an explosion in the number of fractions, as seen in
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Fig. 1. The stunning QHE skyline. Associated with the quantized
plateaus on the Hall resistance RH are minima in the longitudinal
resistance RL, where RL vanishes exponentially in the limit of
vanishing temperature. The integers/fractions corresponding to the
minima or the plateaus are shown in the ;gure. Source: H.L.
Stormer and D.C. Tsui, in Ref. [3].

Fig. 1. Each fraction f reveals itself through a quan-
tized Hall plateau at

RH =
h
fe2

(5)

centered at �=f. Many more fractions have been ob-
served since Fig. 1, and today there exists evidence for
more than 50 fractions withf¡ 1. Themind-boggling
abundance of structure for a single resistance measure-
ment represents an extraordinarily exciting new e$ect.
As the fractions proliferated, at ;rst the situation

grew more confusing, as usual, but then certain pat-
terns emerged, which eventually provided the key to
understanding the e$ect. Many fractions were con-
spicuous by their absence. For example, the simplest
fraction f= 1

2 was not observed. In fact, no fractions
with even denominators were observed. Another strik-
ing aspect was that the fractions were not isolated but
belonged to certain sequences. For example, in Fig. 1,
the fractions 1

3 ,
2
5 ,

3
7 ,

4
9 ,

5
11 , · · · are seen to follow the

sequence f = n=(2n+ 1).

4. World’s most strongly correlated quantum  uid

The questions that theory was challenged to answer
could not be more sharply posed. What physical prin-
ciple governs this quantum Huid? What describes the
order that makes the ground state unique and special,

as the experiments are telling us, at certain fractional
;llings? What are these ground states? Why are some
fractions chosen and not others? Why do they appear
in certain sequences? Obviously, these questions are
not independent, but must be answered all at once.
The FQHE occurs in very strong magnetic ;elds.

Because the Landau level spacing is the dominant en-
ergy in this limit, electrons ;rst minimize their kinetic
energy by all occupying the lowest Landau Hoor. The
kinetic energy thus, becomes a constant and drops out
of the problem. The Coulomb interaction is then the
only remaining term. With appropriate units for en-
ergy and length, the Hamiltonian simpli;es to

H =
∑
j¡k

1
|rj − rk | ; (6)

which is to be solved in the lowest Landau level
Hilbert space, that is, when only the lowest Hoor of
The Landau Tower is occupied.
In many-body problems, the starting point for a

theoretical investigation of a phenomenon is often
obtained by switching o$ the interaction altogether.
But the interaction is not small compared to anything
else in our problem, because there is nothing else.
The interaction is the only energy in our problem,
and switching it o$ is not a good idea. Eq. (6) de-
scribes a very strong correlated system, because it
contains no small parameter. (There is no parameter,
period.) Alternatively, one may note that the usual
quantity characterizing the strength of the correla-
tions, namely, the ratio of the interaction energy to
the kinetic energy, is rs =∞.
Let us ask what happens if, just for a moment, we

set the interaction to zero. In that case, there are a large
number of equivalent states, because there are many
more rooms than there are electrons. To get a glimpse
into the enormous complexity of the problem, let us do
a simple calculation. A typical 1 mm× 1 mm sample
contains 109 electrons. For 2:5× 109 rooms (�=0:4),
there are 107×108 distinct con;gurations. Even for a toy
system containing only 100 electrons in 250 rooms,
there are 1072 distinct con;gurations (which is roughly
equal to the number of atoms in the universe).
Clearly, in the absence of interaction, no single state

is picked out at any fractional ;lling factor. When
the interaction is switched back on, the con;gurations
are no longer equivalent; the degeneracy is lifted and
one of the states becomes the ground state. (Because
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electrons are quantum mechanical objects, nature is
not restricted to a single con;guration with some
rooms occupied and the rest vacant, but will choose
for the ground state a linear superposition of a great
many such con;gurations.) The diPculty is that, on
purely theoretical grounds, with no small parame-
ter to guide our thinking, we have no clue where to
start looking for the ground state. (Crystalline ar-
rangements of electrons can be quickly ruled out,
as experiments ;rmly point to a liquid.) Standard
perturbative methods are of no use and the problem
appears hopelessly intractable.

5. The analogy

Confronted with an impasse, we search for an ana-
logy. What is the key analogy here? Let us look again
at Fig. 1 and, to avoid distraction with too many de-
tails, do the mental exercise of erasing all the num-
bers. It then jumps out that it is hard to tell the integer
plateaus from the fractional ones. Our search for an
analogy that would provide an insight into the FQHE
thus brings us all the way back to square one: the
IQHE. Can the well understood IQHE teach us some-
thing about the mysterious fractional quantum Hall
e$ect? As we will see, the answer is in the aPrma-
tive, and the relation between the two is profound and
far-reaching. In hindsight, that is not surprising at all.
The history of physics is replete with examples where
analogies crop up in unexpected places, but here, the
two phenomena, the integral and the fractional Hall
e$ects, look so similar that it would really be incon-
ceivable for them not to be related.
In view of the remarkable parallel between the

FQHE and the IQHE, it is tempting to postulate that
the FQHE is really an IQHE in disguise. That, how-
ever, raises the question: Of what is it the IQHE?
What objects in the FQHE are analogous to the elec-
trons of the IQHE? One’s natural expectation is that
these should be some kind of fermions, because it was
the fermionic nature of the electrons that made integer
;llings special. The pursuit of the analogy between
the FQHE and the IQHE thus points inescapably to
the existence of a new kind of fermionic particles in
the FQHE.
What are these fermions? To recall an example from

a di$erent context, the similarity between supercon-
ductors and the 4He superHuid suggests that the su-

perconductors contain certain bosonic objects, which
are the familiar Cooper pairs containing two elec-
trons each. For our problem, one might envision new
fermions arising through formation of bound states
containing an odd number of electrons. However, the
occurrence of such bound states appears unlikely be-
cause the interaction between electrons is repulsive; a
little further thought shows this scenario to be grossly
inconsistent with the known phenomenology, thus rul-
ing it out as a viable possibility.

6. Composite fermion: an intuitive view

It turns out that the new fermions, called “compos-
ite fermions”, [7] are certain incredibly complicated
entities, with each composite fermion made up of all
electrons. The emergence of such a complex object is
a testament to the profoundly collective nature of this
quantum Huid. Fortunately, there exists a simple, intu-
itive way of viewing composite fermions which is very
useful and gives the basic physics and some of the rel-
evant equations in a single particle language. That is
what we ;rst present. (We caution the reader that this
simple picture is not to be taken too literally. The more
accurate description will follow in the next section.)
Fig. 2 shows the principal idea. Begin with elec-

trons in the presence of an external magnetic ;eld
B, at a ;lling �. Now picture that each electron “ab-
sorbs” an even number (2p) of Hux quanta of the ex-
ternal magnetic ;eld. Why it does so and what that
really means will become clear only when we come
to the microscopic theory. The bound state of an elec-
tron and 2p Hux quanta is known to obey fermionic

Fig. 2. A schematic depiction of how electrons capture Hux quanta
to transform into composite fermions, which experience a smaller,
residual magnetic ;eld.
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statistics, and serves as an approximate representation
of a composite fermion. The even integer 2p can be
called the “Hux quantum number” (or, for reasons ex-
plained later, the “vortex quantum number”) of the
composite fermion. Further, assume that the interac-
tion between composite fermions is very weak and, in
the ;rst approximation, can be neglected altogether.
The most fundamental property of composite

fermions is that they experience a reduced residual
magnetic;eld (calledB∗), theHux forwhich is givenby

AB∗ = AB− 2pN�0; (7)

where the last term is equal to the magnetic Hux
that has been integrated into the composite fermions.
(Note that B∗ can have a negative sign, which occurs
when electrons swallow more Hux than there was to
begin with.) Now, in complete analogy to electrons,
the composite fermions have their own shells, but
with the degeneracy of each shell given by

M∗ =
A|B∗|
�0

= |M − 2pN |; (8)

which implies that the ;lling factor of composite
fermions is

�∗ =
N
M∗ : (9)

The value of the integer p is chosen to minimize
M∗ (which will give M∗6N , or �∗¿ 1) because
the fewer the rooms, the smaller is the ambiguity.
This brings us to a new problem, that of N compos-
ite fermions in a di$erent tower, again with in;nite
Hoors, but with M∗ rooms on each Hoor.
What happens next is magic. Consider

�∗ = n: (10)

Here, the state of composite fermions has n Hoors fully
occupied. This is the IQHE of composite fermions. A
little algebra shows that the ;lling factors �∗ = n of
composite fermions correspond to the electron ;lling
factors

�=
n

2pn± 1
; (11)

where the − sign corresponds to the situation when
B∗ points opposite to B. At these ;lling factors, when
we reformulate the problem in terms of composite
fermions, the enormous ambiguity of the electron
problem suddenly disappears to produce a single,
well-de;ned state. (Fig. 3.) As in IQHE, the gaps at

0

1

2

3

Fig. 3. The schematic energy level diagram for the ground state at
�=3=13, labeled 4CF3, which has three ;lled shells of composite
fermions carrying four Hux quanta (vortices) each.

these ;lling factors lead, in the presence of disorder,
to quantized Hall plateaus at RH = h=fe2, with

f =
n

2pn± 1
: (12)

These are precisely the prominently observed frac-
tions (Table 1). They have odd denominators, and they
occur in sequences because they are obtained from the
sequence of integers. The ordering of fractions is con-
sistent with experiment. For composite fermions of a
given Hux (2p) the fraction with fewer ;lled shells is
more robust, and for a given number of ;lled shells
|n| the fraction for simpler particles (smaller 2p) is
more robust. In other words, Table 1 gets ;lled with-
out vacancies.
Let us come back to our simple-minded descrip-

tion of electrons in a hotel, keeping in mind the rule
that when electrons convert into composite fermions
by capturing 2p Hux quanta, the number of rooms
on each Hoor is reduced by 2p per particle. Consider
a system of four electrons with nine rooms on each
Hoor, representing �=4=9. With 2p=2, the four com-
posite fermions which replace the four electrons, see
a hotel with only one room per Hoor, and hence oc-
cupy the ;rst four Hoors to produce the unique ground
state of the system. To take another example, consider
three electrons with 11 rooms on each Hoor, which
corresponds to �= 3=11. Here, if we choose compos-
ite fermions with 2p = 2 attached Hux quanta, the
three composite fermions see ;ve rooms on each Hoor,
which reduces the ambiguity but does not eliminate
it. On the other hand, with 2p = 4, four rooms per
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Table 1
The table of prominently observed fractions in the lowest electronic Landau level, which are associated with giant, ;lled-shell atoms of
composite fermions

IQHE of composite fermions

|n| 1 2 3 4 5 6 7 8 9 10 11

f 1=3 2=5 3=7 4=9 5=11 6=13 7=15 8=17 9=19 10=21

state 2CF1 2CF2 2CF3 2CF4 2CF5 2CF6 2CF7 2CF8 2CF9 2CF10

f 1=5 2=9 3=13 4=17 5=21 6=25

state 4CF1 4CF2 4CF3 4CF4 4CF5 4CF6

f 1=7 2=13 3=19

state 6CF1 6CF2 6CF3

f 1=9 2=17

state 8CF1 8CF2

f 1 2=3 3=5 4=7 5=9 6=11 7=13 8=15 9=17 10=19

state 2CF−1
2CF−2

2CF−3
2CF−4

2CF−5
2CF−6

2CF−7
2CF−8

2CF−9
2CF−10

f 1=3 2=7 3=11 4=15 5=19 6=23

state 4CF−1
4CF−2

4CF−3
4CF−4

4CF−5
4CF−6

f 1=5 2=11 3=17

state 6CF−1
6CF−2

6CF−3

f 1=7 2=15

state 8CF−1
8CF−2

Columns and the rows are arranged according to the number of ;lled shells (|n|) and the Hux (vortex) quantum number (2p) of the
relevant composite fermions. The ;lled shell states associated with the fractions f= n=(2pn+1) are denoted by 2pCFn; negative values of
n, which produce fractions f = |n|=(2p|n| − 1), refer to the situation in which B∗ is negative. When a fraction appears in more than one
place, the description in terms of the simpler particles is to be taken. Many more fractions follow from those given in this table, which are
not shown for simplicity. For example, particle–hole symmetry in the lowest Landau level implies fractions f = 1− n=(2pn± 1). These
fractions can be obtained by de;ning the original problem in terms of holes, rather than electrons, in the lowest Landau level and then
making composite fermions out of them. In addition to the fractions that are manifestations of the integral QHE of composite fermions,
a few secondary fractions originating from the fractional QHE of composite fermions have also been detected (not shown). Fractions
observed in higher Landau levels are also not listed. For fractions beyond Fig. 1, see Refs. [9,10] and references therein.

particle are removed, leaving −1 room on each Hoor.
Here, our hotel analogy becomes somewhat awkward,
but the minus sign ought to be dropped. (In the actual
problem the negative sign implies a reversal of the di-
rection of the magnetic ;eld, but the physics is inde-
pendent of whether the magnetic ;eld is up or down.)
The composite fermions therefore ;ll the lowest three

Hoors to produce a unique state. Such de;nite answers
are not obtained for even denominator fractions. For
example, consider three electrons with eight rooms on
each Hoor (� = 3

8). For the composite fermions with
2p = 2, we have two rooms on each Hoor; two elec-
trons occupy the ;rst Hoor, but the third has a choice
of two rooms on the second Hoor. Such ambiguity is
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the reason for the absence of plateaus characterized
by even denominator fractions. (Note to the advanced
reader: our discussion assumes non-interacting com-
posite fermions. When the relatively weak interaction
between them is included in the theory, secondary
new structures, including even denominator FQHE,
become a possibility.)
Thus, the numerology of the fractions is explained

beautifully. The exactness of the quantization is un-
derstood as a consequence of the fact that gaps ap-
pear at precisely the fractions given by Eq. (12), the
right-hand side of which is a combination of whole
numbers, hence insensitive to small perturbations.
When one takes the notion of composite fermions

seriously, one begins to realize that it has numerous
other, at-;rst-sight-bizarre consequences, the kind you
would never believe, or even think of, if you did not
know about composite fermions. A large number of
such e$ects have already been veri;ed in experimental
and theoretical studies during the last decade and a half
(Fig. 4), clinching the case for composite fermions. To

Fig. 4. Various facets of composite fermion physics (source: V.W.
Scarola, 2001).

date, the existence of four di$erent “Havors” of com-
posite fermions has been established, those carrying
two, four, six, and eight Hux quanta (Table 1), and
many of their properties have been investigated. The
relevant scienti;c papers are too numerous to be
listed individually in this short, introductory article;
the reader interested in learning more about these
developments is referred to Refs. [3,4].

7. Microscopic theory

The above considerations show how the qualitative
phenomenology of the FQHE is explained in the same
language as the IQHE. Can we exploit the analogy fur-
ther to formulate a microscopic theory of the FQHE?
In other words, can we construct microscopic wave
functions for n ;lled shells of composite fermions,
which are to be identi;ed with the wave functions of
interacting electrons at �= n=(2pn± 1), with the help
of the known wave functions for n ;lled shells of elec-
trons? That is indeed the case, and the wave functions
are given by [7]

�n=(2pn±1) =
∏
j¡k

(zj − zk)2p�±n: (13)

Here zj = xj − iyj denotes the electron coordinates as
a complex number, �n is the Slater determinant wave
function for n ;lled shells of electrons, and �−n=�∗

n .
(Complex conjugation is equivalent to switching the
direction of the magnetic ;eld.) These wave functions
were inspired by a combination of the analogy be-
tween the FQHE and the IQHE discussed above and
the seminal wave function invented earlier by Laugh-
lin [8] for an explanation of the � = 1=m FQHE, m
odd. Laughlin’s wave function, which coincides with
�1=(2p+1), acquires the physical meaning of one ;lled
shell of composite fermions (n= 1).
The wave functions of Eq. (13) contain no

adjustable parameters (for a given ;lling factor),
because they are obtained from the parameter-free
;lled shell IQHE states at �= n. The only thing vari-
ational about them is their form, which is dictated by
the composite fermion physics; once the form is as-
sumed, the wave function is uniquely ;xed. For quan-
titative studies, they are to be projected into the lowest
electronic Landau level, as appropriate in the limit of
very high magnetic ;elds. Even though the resulting



86 J.K. Jain / Physica E 20 (2003) 79–88

wave functions are extremely complicated, it has been
possible to deduce numbers from them (often with the
help of Monte Carlo). Exact computer experiments on
hundreds of systems with di$erent N and M have
shown that these wave functions, as well as their
numerous extensions, are practically exact represen-
tations of the true eigenstates; for example, the eigen-
energies are predicted with an accuracy of ∼ 0:1%
or better. Such quantitative accuracy is astonishing in
view of the lack of any variational freedom in the the-
ory, and proves the formation of composite fermions
and the connection between the fractional and the in-
tegral e$ects at a microscopic level. A unique theory
has thus materialized for a problem that had, to begin
with, an astronomically large number of possibilities.
Eq. (13) brings out the true microscopic meaning

of composite fermion: it is the bound state of an elec-
tron and 2p quantized vortices. (The Hux quanta of
Fig. 2 are a topologically faithful representation of
the microscopic vortices.) Due to the Jastrow factor∏
j¡k (zj − zk)2p, every electron sees 2p vortices on

every other electron. In other words, multiplication by
the Jastrow factor binds 2p vortices to each electron
in �±n to convert it into a composite fermion, and
the right hand side is interpreted as n ;lled shells of
composite fermions. To take a concrete example, if
the arrows (which represent vortices) were removed
in Fig. 3, it would represent �3, that is, three ;lled
shells of electrons; multiplication by the Jastrow fac-
tor

∏
j¡k (zj − zk)4 endows electrons with arrows to

produce �3=13.
The microscopic theory explains why composite

fermions are produced in the ;rst place, and also why
they are weakly interacting. Typically, for fermions,
the probability of two fermions approaching one an-
other vanishes as r2, where r is the distance separating
them. In�n=(2pn±1) the probability goes as r4p+2, indi-
cating that it is very ePcient in keeping electrons away
from one another, which is exactly what they want.
In other words, electrons transform into composite
fermions by dressing themselves with quantized vor-
tices, because that is how they can best avoid one an-
other. The weakness of the interaction between com-
posite fermions follows from the general rule that the
interaction between bound states is weaker than that
between the constituent particles. (For example, nu-
cleons interact much more feebly than quarks.) Here,
most of the Coulomb interaction between the electrons

has been consumed in making the composite fermions,
which themselves feel only a faint residual interac-
tion. The actual form of the inter-composite fermion
interaction is obviously very complicated, but it is al-
together negligible for many purposes, and, if needed,
can be estimated with the help of the microscopic
theory.
The magnetic ;eld reduction can also be understood

microscopically. As composite fermions move about
carrying their vortices, the Aharonov Bohm phase due
to the external magnetic ;eld is partly canceled by
the phase generated by the vortices on other compos-
ite fermions. Because each vortex produces the same
phase as a Hux quantum, the net e$ect is as though the
magnetic ;eld were reduced from B to B∗. (The reader
may be reminded here of the Meissner e$ect in su-
perconductors, but that has a di$erent physical origin.
There, a cancellation of the magnetic ;eld occurs due
to induced macroscopic surface currents that produce,
according to the laws of classical electrodynamics, an
opposing magnetic ;eld. There are no such currents
here. The partial cancellation of the vector potential is
a purely quantum mechanical e$ect sensed only by the
composite fermions; an external magnetometer would
still read the full magnetic ;eld.)
Note that even though the wave functions in

Eq. (13) are very accurate, they are not exact. How-
ever, that is not a problem. The aim in condensed
matter physics is not to test the starting point of the
theory, namely the SchrSodinger equation, but to un-
cover new structures that emerge when many parti-
cles behave cooperatively. A simple approximation
to the exact solution is often more important than
the exact solution itself, because it allows an insight
into the physics of the problem, bringing out the
non-perturbative features that are more generally valid
than many details of a speci;c solution. (Given that the
exact solution for the general problem of three inter-
acting particles is not yet available, condensed matter
systems with many more particles are not amenable to
exact treatments. The best one can hope for is to ;nd
either an approximate solution to the actual problem
or an exact solutions to an approximate problem.) To
appreciate the signi;cance of what has been accom-
plished, imagine diagonalizing the problem exactly on
a huge computer to obtain the ground state at certain
;lling factor. The computer would display a long list
of numbers, which are the projections of the ground
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state vector along various directions of the very large
dimensional Hilbert space. But it would not tell us
what these numbers really mean. Knowing that this
complicated wave function is very well approximated
by the compact form in Eq. (13) reveals that vortices
are bound to electrons, and that the bound states can
be interpreted as fermionic particles moving in an
e$ective magnetic ;eld. It is also worth stressing here
that the approximate nature of the wave functions has
no bearing on the exactness of the quantization of the
Hall resistance; this is similar to superconductivity,
where the value of the Hux quantum, h=2e, is an ex-
act consequence of electron pairing, unspoiled by the
approximate quality of the BCS wave function.
It must be remembered that what appears sim-

ple in terms of composite fermions is a non-trivial,
non-perturbative state of electrons. The composite
fermion itself is an exceedingly complicated object
from the electrons’ vantage point, because the quan-
tized vortex, one of its constituents, is a collective en-
tity in which all electrons participate. (Some may ;nd
it surprising that composite fermions behave as ordi-
nary fermions to the extent they do.) On the Hip side,
the good old electron is complex beast when viewed
from the reference frame of composite fermions.
To conclude, the FQHE of electrons is an IQHE of

composite fermions. The lowest Landau level quan-
tum Huid is a colossal atom of composite fermions,
and the FQHE states are inert atoms containing ;lled
shells.

8. Back to basic quantum mechanics

Theory’s job is to identify simple underlying prin-
ciples that allow us to unify, explain, predict and cal-
culate. For the lowest Landau level quantum Huid,
nature’s generosity in providing with clues has led
us to a single principle, the formation of composite
fermions, which, with no ;ne tuning, synthesizes the
magni;cent phenomenology of the FQHE and numer-
ous other related observations, and at the same time
gives an accurate microscopic theory with predictive
power. With composite fermions, a host of facts sud-
denly fall into place, and what earlier seemed myste-
rious becomes all too natural, even inevitable. At the
most fundamental level, the emergence of compos-
ite fermions describes the distinct manner in which

quantum mechanical phases, in the form of quantized
vortices bound to electrons, enter into the physics of
the lowest Landau level quantum Huid. The composite
fermion theory ;rmly links the physics of the FQHE
and the IQHE, thereby achieving a pleasing uni;ca-
tion of the two phenomena.
An unusual feature of this problem is worth not-

ing. As the increasing use of ;eld theory in con-
densed matter physics indicates, many-body problems
are often replaced by simpler “e$ective” problems
that, it is hoped, correctly capture certain qualitative
and semi-quantitative features. The inability to do bet-
ter is hardly surprising in view of the fact that systems
with a large number of interacting particles are hor-
ribly complex. If anything is surprising, it is that we
are able to make any progress at all.
In the case of the lowest Landau level quantum

Huid, we are in the happy situation that we have found
accurate solutions of the original interacting electron
problem de;ned in Eq. (6), the high ;eld limit of
Eq. (1). The explanation of this state takes us back to
the beautiful simplicity and the raw power of quantum
theory, the kind that was in play in atomic physics in
the glorious early days of quantum mechanics, when
we could take the actual Hamiltonian, determine its
eigenfunctions and eigenenergies, and then see with
awe and wonder how it all ;t so neatly with experi-
ment.

9. There’s more ...

I have described above only the most essential as-
pects of the theory of the fractional quantum Hall
e$ect. There is, of course, a lot more, which can
be found in Refs. [3,4]. We have come a long way,
but much work lies ahead of us. The theory contin-
ues to be further developed, re;ned and applied to
new phenomena. The domain of its validity is being
ascertained; for example, there are ;lling factor re-
gions where the composite fermion Huid is superseded
by a di$erent kind of state, for example, a Wigner
crystal or a charge density wave. On the experimen-
tal front, exciting discoveries are being made with un-
canny regularity. Some very recent experimental ad-
vances can be found in Refs. [9–22]. If the past is any
guide, further exploration of this quantum Huid will
continue to delight us with unanticipated revelations.
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